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respectively, the number of generalized Frobenius partitions of nwith 4 colors and 4-order
generalized Frobenius partitions of nwith 4 colors.
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1. Introduction
A partition λ = (λ1, λ2, . . . , λk) of a natural number n is a finite sequence of non-increasing positive integer parts λi
such that n = ∑ki=1 λi. The Ferrers–Young diagram of the partition λ of n is formed by arranging n nodes in k rows so that
the ith row has λi nodes. The conjugate of a partition λ, denoted by λ′, is the partition whose Ferrers–Young diagram is the
reflection along the main diagonal of the diagram of λ.
Frobenius introduced an idea of representing the conjugate of a partition λ of n once λ was known. This was done by
simply removing the dots (say r in numbers) on themain diagonal of the Ferrers–Young diagram of λ and then enumerating
the dots above and below the main diagonal by rows and columns, respectively, to obtain two strictly decreasing finite
sequences of non-negative integers a1 > a2 > · · · > ar ≥ 0, b1 > b2 > · · · > br ≥ 0. These two sequences are then
presented in the Frobenius notation given by
a1 a2 . . . ar
b1 b2 . . . br

.
Clearly,
n = r +
r−
i=1
ai +
r−
i=1
bi.
For example, the Ferrers–Young diagram of the partition λ = (6, 4, 3, 1) of 14 is
• • • • • •
• • • •
• • •
•
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Removing the dots on the main diagonal of the above Ferrers–Young diagram, we find that
× • • • • •
• × • •
• • ×
•
Enumerating the dots above and below the main diagonal by rows and columns, respectively, we easily see that λ can be
presented in Frobenius notation as
5 2 0
3 1 0

.
Similarly, the conjugate λ′ = (4, 3, 3, 2, 1, 1) of λ in Frobenius notation is
3 1 0
5 2 0

.
G. E. Andrews [1] introduced the idea of generalized Frobenius partitions (or simply F-partitions) of nwhich is a notation
of the form
a1 a2 . . . ar
b1 b2 . . . br

of non-negative integers ai’s, bi’s with
n = r +
r−
i=1
ai +
r−
i=1
bi,
where each row is of the same length and each is arranged in non-increasing order.
Let cφk(n) represent the number of F-partitions of nwith k-colors and strict decrease in each row. The generating function
for cφk(n) is given by [1],
∞−
n=0
cφk(n)qn =
∞∏
n=1
1
(1− qn)k
∞−
m1,m2,...,mk−1=−∞
qQ (m1,m2,...,mk−1), (1.1)
where
Q (m1,m2, . . . ,mk−1) =
k−1
j=1
m2j +
−
1≤i<j≤k−1
mimj.
In particular [1],
∞−
n=0
cφ1(n)qn = 1
(q; q)∞ , (1.2)
∞−
n=0
cφ2(n)qn = (q
2; q4)∞
(q; q2)4∞(q4; q4)∞
, (1.3)
∞−
n=0
cφ3(n)qn = (q
12; q12)∞(q6; q12)3∞
(q; q6)5∞(q5; q6)5∞(q4; q4)2∞(q3; q6)7∞
+ 4q (q
12; q12)∞(q4; q4)∞
(q6; q12)∞(q2; q4)∞(q; q)3∞
, (1.4)
where, here and throughout the paper, for |q| < 1, (a; q)∞ :=∏∞n=0(1− aqn).
Andrews [1, p. 15] remarked that ‘‘after the above results, the expressions quickly become long andmessy’’. In Section 2,
we present expressions for the generating functions of cφ4(n) and cφ5(n) similar to (1.4) above. Andrews [1] also proved
the congruences
cφ2(5n+ 3) ≡ 0 (mod 5), (1.5)
cφk(n) ≡ 0 (mod k2) if k is prime and does not divide n. (1.6)
For some other congruences and family of congruences involving cφ2(n) and cφ3(n), we refer to [4,9–11,15]. In Section 3 of
this paper, we establish the congruences
cφ4(2n+ 1) ≡ 0 (mod 42),
cφ4(4n+ 3) ≡ 0 (mod 44),
cφ4(4n+ 2) ≡ 0 (mod 4).
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Next, Kolitsch [5,7] considered the function cφk(n), which denotes the number of F-partitions of n with k colors whose
order is k under cyclic permutation of the k colors. For example, the F-partitions enumerated by cφ2(2) are

1r
0r

,

1g
0r

,
1r
0g

,

1g
0g

,

0r
1r

,

0r
1g

,

0g
1r

, and

0g
1g

, where the subscripts represent the two colors viz. red and green of the non-negative
integers. The generating function for cφk(n) is given by [7],
∞−
n=0
cφk(n)q
n = k
∑
qQ (m)
(q; q)k∞
, (1.7)
where the sum of the right extends over all vectorsm = (m1,m2, . . . ,mk)withm.1 = 1 and Q (m) = 12
∑k
i=1(mi−mi+1)2
wherein 1 = (1, 1, 1, . . . , 1) andmk+1 = m1.
In particular (see [13,8]),
∞−
n=0
cφ2(n)q
n = 4q(q
16; q16)2∞
(q; q)2∞(q8; q8)∞
, (1.8)
∞−
n=0
cφ3(n)q
n = 9q(q
9; q9)3∞
(q; q)3∞(q3; q3)∞
. (1.9)
In Section 4, we obtain the generating function for cφ4(n) in terms of q-products. Kolitsch [5] found for all integers k ≥ 2,
that
cφk(n) ≡ 0 (mod k2). (1.10)
More congruences, family of congruences, identities and recurrence relations involving cφk(n) have been established in [6–
8,12–15]. In particular, Sellers [12,13] established that
cφk(kn) ≡ 0 (mod k3) for k = 2, 3, 5, 7, and 11. (1.11)
It was further remarked in [13, p. 372] that ‘‘one question that naturally arises is whether congruences of this form occur
for larger primes such as k = 13 or 17, or for composite values of k’’. We give a partial answer to this question by proving,
in Section 5, the following congruences for the composite value 4 of k.
cφ4(2n) ≡ 0 (mod 43),
cφ4(4n+ 3) ≡ 0 (mod 44),
cφ4(4n) ≡ 0 (mod 44).
We conclude this introduction with a brief discussion on integer matrix exact covering system as described by Cao [3].
An exact covering system is a partition of the integers into a finite set of arithmetic sequences. An integer matrix exact
covering system is a partition of Zn into a lattice and a finite number of it’s translates without overlap.
Let
S =
∞−
x1,x2,...,xn=−∞
f (x1, x2, . . . , xn). (1.12)
We change the variables from xi to yi by the transformation y = Axwhere A is an integer matrix with det A ≠ 0, x =

x1
x2
.
.
.
xn
,
and y =

y1
y2
.
.
.
yn
.
By the inverse formula, x = A−1y = 1det AA∗ywhere A∗ is the adjoint of A.
Let
det A
dn−1(A)
= sn(A) (1.13)
where dn−1(A) is the (n− 1)th determinantal divisor of A (the kth determinantal divisor of A is the g.c.d. of all k× kminors
of A).
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Therefore,
x = 1
sn(A)
A∗
dn−1(A)
y. (1.14)
Setting sgn(sn(A)) A
∗
dn−1(A) = B, |sn(A)| = d, we can rewrite (1.14) as
x = 1
d
By. (1.15)
Thus, we have
By ≡ 0 (mod d). (1.16)
If y ≡ cr (mod d)(r = 0, 1, 2, . . . , k− 1) is the solution set of (1.16) then we have x = By+ 1dBcr , (r = 0, 1, 2, . . . , k− 1),
By+ 1dBcr
k−1
r=0 covers Z
n and there is no overlap between the members thereby giving an integer matrix exact covering
system. Corresponding to this integer matrix exact covering system we can write S as a linear combination of k parts.
2. Generating functions for cφ4(n) and cφ5(n)
In this section, we find expressions for the generating functions of cφ4(n) and cφ5(n).
Theorem 2.1. If
ϕ(q) :=
∞−
n=−∞
qn
2
and ψ(q) :=
∞−
n=0
qn(n+1)/2 = 1
2
∞−
n=−∞
qn(n+1)/2 (2.1)
then
∞−
n=0
cφ4(n)qn = ϕ
3(q2)+ 12qϕ(q2)ψ2(q4)
(q; q)4∞
. (2.2)
Proof. Setting k = 4 in (1.1) we have
∞−
n=0
cφ4(n)qn = 1
(q; q)4∞
∞−
m1,m2,m3=−∞
qm
2
1+m22+m23+m1m2+m2m3+m3m1 . (2.3)
Let
S =
∞−
m1,m2,m3=−∞
qm
2
1+m22+m23+m1m2+m2m3+m3m1 . (2.4)
We change the variables from m1,m2,m3 to n1, n2, n3 by an integer matrix exact covering system {Bn + 1dBcr}k−1r=0 , where
B = (bij)3×3 is an integer matrix, n =

n1
n2
n3

and c0, c1, . . . , ck−1 are the solutions of the congruences Bn ≡ 0 (mod d). We
shall further require that the coefficients of n1n2, n2n3, n3n1 in
(b11n1 + b12n2 + b13n3)2 + (b21n1 + b22n2 + b23n3)2 + (b31n1 + b32n2 + b33n3)2
+ (b11n1 + b12n2 + b13n3)(b21n1 + b22n2 + b23n3)
+ (b21n1 + b22n2 + b23n3)(b31n1 + b32n2 + b33n3)
+ (b31n1 + b32n2 + b33n3)(b11n1 + b12n2 + b13n3)
to be zero in order to separate ni’s. Thus, we have the conditions that
2b11b12 + 2b21b22 + 2b31b32 + b11b22 + b12b21 + b21b32 + b22b31 + b31b12 + b32b11 = 0, (2.5)
2b12b13 + 2b22b23 + 2b32b33 + b12b23 + b13b22 + b22b33 + b23b32 + b32b13 + b33b12 = 0, (2.6)
2b11b13 + 2b21b23 + 2b31b33 + b11b23 + b13b21 + b21b33 + b23b31 + b31b13 + b33b11 = 0. (2.7)
The integer matrix exact covering system is obtained by following the general procedure for obtaining series-product
identities developed in [3]. Let B′ = 4
−1 1 1
1 −1 1
1 1 −1

.
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Clearly, B′ satisfies (2.5)–(2.7) and det B′ = 44 = 163−1.
Also 16B′−1 =

0 2 2
2 0 2
2 2 0

is an integer matrix.
Now, the system of congruences B′n ≡ 0 (mod 16) is equivalent to Bn ≡ 0 (mod 4), where B =
−1 1 1
1 −1 1
1 1 −1

.
That is,
−n1 + n2 + n3 ≡ 0 (mod 4), (2.8)
n1 − n2 + n3 ≡ 0 (mod 4), (2.9)
n1 + n2 − n3 ≡ 0 (mod 4). (2.10)
The above systemof congruences has four solutions

0
0
0

,

0
2
2

,

2
0
2

, and

2
2
0

modulo 4. Hencewehave the integermatrix
exact covering systemm1
m2
m3

=
−1 1 1
1 −1 1
1 1 −1
n1
n2
n3

,
m1
m2
m3

=
−1 1 1
1 −1 1
1 1 −1
n1
n2
n3

+
1
0
0

,
m1
m2
m3

=
−1 1 1
1 −1 1
1 1 −1
n1
n2
n3

+
0
1
0

,
m1
m2
m3

=
−1 1 1
1 −1 1
1 1 −1
n1
n2
n3

+
0
0
1

. (2.11)
Corresponding to this integer matrix exact covering system, we can write S as a linear combination of four parts as
S =
∞−
n1,n2,n3=−∞
q
1
2 {(2n3)2+(2n1)2+(2n2)2} + 3
∞−
n1,n2,n3=−∞
q
1
2 {(2n3+1)2+(2n1)2+(2n2+1)2}
=
∞−
n1,n2,n3=−∞
q2n
2
1+2n22+2n23 + 3
∞−
n1,n2,n3=−∞
q2n
2
1+2n22+2n23+2n2+2n3+1
=
 ∞−
n1=−∞
q2n
2
1
3
+ 3q
 ∞−
n1=−∞
q2n
2
1
 ∞−
n2=−∞
q2n
2
2+2n2
2
= ϕ3(q2)+ 12qϕ(q2)ψ2(q4), (2.12)
where we have used (2.1) to arrive at the last equality. Employing (2.12) and (2.4) in (2.3), we complete the proof. 
In the next theorem, we find an expression for the generating function of cφ5(n).
Theorem 2.2. We have
∞−
n=0
cφ5(n)qn = 1
(q; q)5∞

ϕ(q10)ϕ3(q2)+ 12qϕ(q10)ϕ(q2)ψ2(q4)+ 8qψ(q5)ψ3(q)
+ 12q3ψ(q20)ψ(q4)ϕ2(q)+ 16q4ψ(q20)ψ3(q4) . (2.13)
Proof. The proof involves expressing the sum
S =
∞−
m1,m2,m3,m4=−∞
qm
2
1+m22+m23+m24+m1m2+m1m3+m1m4+m2m3+m2m4+m3m4
as a linear combination of theta functions which can be achieved as in Theorem 2.1 by considering the integer matrix exact
covering system

Bn+ 116Bcr
15
r=0 where B is the integer matrix
1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1

, n =
n1
n2
n3
n4

, and c0, c1, . . . , c15 are the
solutions modulo 16 of the system of congruences Bn ≡ 0 (mod 16). We omit the details. 
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3. Congruences involving cφ4(n)
In this section, we find some congruences involving cφ4(n) arising from the expression of the generating function for
cφ4(n) obtained in the previous section.
Theorem 3.1. We have
cφ4(2n+ 1) ≡ 0 (mod 42), (3.1)
cφ4(4n+ 3) ≡ 0 (mod 44), (3.2)
cφ4(4n+ 2) ≡ 0 (mod 4). (3.3)
Proof. From Theorem 2.1, we note that
∞−
n=0
cφ4(n)qn = ϕ
3(q2)
(q; q)4∞
+ 12qϕ(q
2)ψ2(q4)
(q; q)4∞
= ϕ
3(q2)
(q2; q2)4∞(q; q2)4∞
+ 12q ϕ(q
2)ψ2(q4)
(q2; q2)4∞(q; q2)4∞
. (3.4)
Replacing q by−q in (3.4) and then subtracting the resulting identity from (3.4), we find that
∞−
n=0
cφ4(n)qn −
∞−
n=0
cφ4(n)(−1)nqn = ϕ
3(q2)
(q2; q2)4∞

1
(q; q2)4∞
− 1
(−q; q2)4∞

+ 12qϕ(q
2)ψ2(q4)
(q2; q2)4∞

1
(q; q2)4∞
+ 1
(−q; q2)4∞

= ϕ
3(q2)
(q2; q2)4∞(q2; q4)4∞

(−q; q2)4∞ − (q; q2)4∞

+ 12q ϕ(q
2)ψ2(q4)
(q2; q2)4∞(q2; q4)4∞

(−q; q2)4∞ + (q; q2)4∞

. (3.5)
Employing Jacobi’s famous triple product identity [2, Entry 19, p. 35] in (2.1), we find that
ϕ(q) = (−q; q2)2∞(q2; q2)∞ =
(q2; q2)5∞
(q; q)2∞(q4; q4)2∞
, (3.6)
and
ψ(q) = (−q; q2)∞(q4; q4)∞ = (q
2; q2)2∞
(q; q)∞ . (3.7)
Again, from Entry 25 [2, p. 40], we have
ϕ2(q)− ϕ2(−q) = 8qψ2(q4), (3.8)
ϕ2(q)+ ϕ2(−q) = 2ϕ2(q2), (3.9)
ϕ4(q)− ϕ4(−q) = 16qψ4(q2). (3.10)
Using (3.6) on the left hand sides of (3.8)–(3.10), we obtain
(−q; q2)4∞ − (q; q2)4∞ = 8q
ψ2(q4)
(q2; q2)2∞
, (3.11)
(−q; q2)4∞ + (q; q2)4∞ = 2
ϕ2(q2)
(q2; q2)2∞
, (3.12)
(−q; q2)8∞ − (q; q2)8∞ = 16q
ψ4(q2)
(q2; q2)4∞
. (3.13)
Employing (3.11) and (3.12) in (3.5), we deduce that
∞−
n=0
cφ4(n)qn −
∞−
n=0
cφ4(n)(−1)nqn = 32qϕ
3(q2)ψ2(q4)(q4; q4)4∞
(q2; q2)10∞
. (3.14)
1898 N.D. Baruah, B.K. Sarmah / Discrete Mathematics 311 (2011) 1892–1902
Comparing the terms involving q2n+1 on both sides of (3.14), and then replacing q2 by q, we find that
∞−
n=0
cφ4(2n+ 1)qn = 16ϕ
3(q)ψ2(q2)(q2; q2)4∞
(q; q)10∞
, (3.15)
from which we readily deduce the congruence (3.1).
Now, employing (3.6) and (3.7) in (3.15) and then simplifying, we have
∞−
n=0
cφ4(2n+ 1)qn = 16 (q
2; q2)∞
(q4; q4)2∞(q; q2)16∞
. (3.16)
Replacing q by−q in (3.16) and then subtracting the resulting identity from (3.16), we find that
∞−
n=0
cφ4(2n+ 1)qn −
∞−
n=0
cφ4(2n+ 1)(−1)nqn = 16 (q
2; q2)∞
(q4; q4)2∞

1
(q; q2)16∞
− 1
(−q; q2)16∞

= 16 (q
2; q2)∞
(q4; q4)2∞(q2; q4)16∞

(−q; q2)16∞ − (q; q2)16∞

= 16 (q
4; q4)14∞
(q2; q2)15∞

(−q; q2)8∞ − (q; q2)8∞
 
(−q; q2)4∞ − (q; q2)4∞
2 + 2(q2; q4)4∞ . (3.17)
Using (3.11), (3.13) and (3.7) in (3.17), we deduce that
∞−
n=0
cφ4(2n+ 1)qn −
∞−
n=0
cφ4(2n+ 1)(−1)nqn = 256q (q
4; q4)22∞
(q2; q2)27∞

64q2ψ4(q4)+ 2(q2; q2)4∞(q2; q4)4∞

. (3.18)
Equating the terms involving q2n+1 on both sides of (3.18), and then replacing q2 by q, we find that
∞−
n=0
cφ4(4n+ 3)qn = 256 (q
2; q2)22∞
(q; q)27∞

32qψ4(q2)+ (q; q)4∞(q; q2)4∞

. (3.19)
Now (3.2) easily follows from (3.19).
Again, replacing q by−q in (3.4) and then adding the resulting identity with (3.4), we obtain
∞−
n=0
cφ4(n)qn +
∞−
n=0
cφ4(n)(−1)nqn = ϕ
3(q2)
(q2; q2)4∞

1
(q; q2)4∞
+ 1
(−q; q2)4∞

+ 12qϕ(q
2)ψ2(q4)
(q2; q2)4∞

1
(q; q2)4∞
− 1
(−q; q2)4∞

= ϕ
3(q2)
(q2; q2)4∞(q2; q4)4∞

(−q; q2)4∞ + (q; q2)4∞

+ 12q ϕ(q
2)ψ2(q4)
(q2; q2)4∞(q2; q4)4∞

(−q; q2)4∞ − (q; q2)4∞

= 2 ϕ
5(q2)(q4; q4)4∞
(q2; q2)10∞
+ 96q2 ϕ(q
2)ψ4(q4)(q4; q4)4∞
(q2; q2)10∞
, (3.20)
where we have used (3.11) and (3.12) in the last equality.
Comparing the terms involving q2n on both sides of (3.20), and then replacing q2 by q, we find that
∞−
n=0
cφ4(2n)qn = ϕ
5(q)(q2; q2)4∞
(q; q)10∞
+ 48qϕ(q)ψ
4(q2)(q2; q2)4∞
(q; q)10∞
. (3.21)
Employing (3.6) and (3.7) in (3.21), we deduce that
∞−
n=0
cφ4(2n)qn = (q
2; q2)29∞
(q; q)20∞(q4; q4)10∞
+ 48q (q
2; q2)5∞(q4; q4)6∞
(q; q)12∞
= (q
2; q2)9∞
(q; q2)20∞(q4; q4)10∞
+ 48q (q
4; q4)6∞
(q2; q2)7∞(q; q2)12∞
. (3.22)
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Replacing q by−q in (3.22) and then subtracting the resulting identity from (3.22), we obtain
∞−
n=0
cφ4(2n)qn −
∞−
n=0
cφ4(2n)(−1)nqn = (q
2; q2)9∞
(q4; q4)10∞

1
(q; q2)20∞
− 1
(−q; q2)20∞

+ 48q (q
4; q4)6∞
(q2; q2)7∞

1
(q; q2)12∞
+ 1
(−q; q2)12∞

= (q
2; q2)9∞
(q4; q4)10∞(q2; q4)20∞

(−q; q2)20∞ − (q; q2)20∞

+ 48q (q
4; q4)6∞
(q2; q2)7∞(q2; q4)12∞

(−q; q2)12∞ + (q; q2)12∞

= (q
4; q4)10∞
(q2; q2)11∞

A5 − B5+ 48q (q4; q4)18∞
(q2; q2)19∞

A3 + B3 , (3.23)
where A = (−q; q2)4∞ and B = (q; q2)4∞.
Now, by the binomial theorem, we have
(A− B)5 = A5 − B5 − 5AB(A3 − B3)+ 10A2B2(A− B). (3.24)
Therefore,
A5 − B5 = (A− B)5 + 5AB(A3 − B3)− 10A2B2(A− B)
= (A− B) (A− B)4 + 5AB(A2 + AB+ B2)− 10A2B2
= (A− B) (A− B)4 + 5AB(A− B)2 + 5A2B2 . (3.25)
Also,
A3 + B3 = (A+ B) (A+ B)2 − 3AB . (3.26)
Employing (3.11) and (3.12) in (3.25) and (3.26), we find that
A5 − B5 = 8q ψ
2(q4)
(q2; q2)2∞

4096q4
ψ8(q4)
(q2; q2)8∞
+ 320q2 ψ
4(q4)
(q4; q4)4∞
+ 5(q2; q4)8∞

, (3.27)
A3 + B3 = 2 ϕ
2(q2)
(q2; q2)2∞

4
ϕ4(q2)
(q2; q2)4∞
− 3(q2; q4)4∞

. (3.28)
Using (3.27) and (3.28) in (3.23), we deduce that
∞−
n=0
cφ4(2n)qn −
∞−
n=0
cφ4(2n)(−1)nqn = 8q (q
4; q4)10∞ψ2(q4)
(q2; q2)13∞

4096q4
ψ8(q4)
(q2; q2)8∞
+ 320q2 ψ
4(q4)
(q4; q4)4∞
+ 5(q2; q4)8∞

+ 96q (q
4; q4)18∞ϕ2(q2)
(q2; q2)21∞

4
ϕ4(q2)
(q2; q2)4∞
− 3(q2; q4)4∞

. (3.29)
Equating the coefficients of the terms involving q2n+1 in (3.29), we readily arrive at (3.3) to finish the proof. 
4. Generating function for cφ4(n)
In this section, we find expression for the generating function of cφ4(n).
Theorem 4.1. We have
∞−
n=0
cφ4(n)q
n = 16qψ
2(q2)ψ(q4)
(q; q)4∞
. (4.1)
Proof. Setting k = 4 in (1.7) and utilizing the subsequent conditions, we have
∞−
n=0
cφ4(n)q
n = 4
(q; q)4∞
∞−
m1,m2,m3=−∞
q3m
2
1+2m22+3m23+2m1m2+2m2m3+4m3m1−3m1−2m2−3m3+1. (4.2)
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Let
S ′ =
∞−
m1,m2,m3=−∞
q3m
2
1+2m22+3m23+2m1m2+2m2m3+4m3m1−3m1−2m2−3m3+1. (4.3)
We change the variables fromm1, m2, m3 to n1, n2, n3 by the integer matrix exact covering system {Bn+ 1dBcr}k−1r=0 , where
B = (bij)3×3 is an integer matrix, n =

n1
n2
n3

and c0, c1, . . . , ck−1 are the solutions of the congruences Bn ≡ 0 (mod d). We
further require that the coefficients of n1n2, n2n3, n3n1 in
3(b11n1 + b12n2 + b13n3)2 + 2(b21n1 + b22n2 + b23n3)2 + 3(b31n1 + b32n2 + b33n3)2
+ 2(b11n1 + b12n2 + b13n3)(b21n1 + b22n2 + b23n3)
+ 2(b21n1 + b22n2 + b23n3)(b31n1 + b32n2 + b33n3)
+ 4(b31n1 + b32n2 + b33n3)(b11n1 + b12n2 + b13n3) (4.4)
to be zero in order to separate ni’s. Thus we have the conditions that
3b11b12 + 2b21b22 + 3b31b32 + b11b22 + b12b21 + b21b32 + b22b31 + 2b31b12 + 2b32b11 = 0, (4.5)
3b12b13 + 2b22b23 + 3b32b33 + b12b23 + b13b22 + b22b33 + b23b32 + 2b32b13 + 2b33b12 = 0, (4.6)
3b11b13 + 2b21b23 + 3b31b33 + b11b23 + b13b21 + b21b33 + b23b31 + 2b31b13 + 2b33b11 = 0. (4.7)
Now we consider the same integer matrix exact covering system (2.11) as in Theorem 2.1 because the matrix B =−1 1 1
1 −1 1
1 1 −1

also satisfies the conditions (4.5)–(4.7). Corresponding to the integer matrix exact covering system (2.11)
we can write S ′ as a linear combination of 4 parts as follows
S ′ =
∞−
n1,n2,n3=−∞
q4n
2
1+8n22+4n23−2n1−4n2−2n3+1 +
∞−
n1,n2,n3=−∞
q4n
2
1+8n22+4n23−2n1+4n2+2n3+1
+
∞−
n1,n2,n3=−∞
q4n
2
1+8n22+4n23+2n1−4n2+2n3+1 +
∞−
n1,n2,n3=−∞
q4n
2
1+8n22+4n23+2n1+4n2−2n3+1.
It is now easy to see that each part of the above sum is equal to qψ2(q2)ψ(q4). Therefore, we have
S ′ = 4qψ2(q2)ψ(q4). (4.8)
From (4.8), (4.3), and (4.2), we readily arrive at (4.1). 
5. Congruences involving cφ4(n)
In this section, we find some interesting congruences involving cφ4(n).
Theorem 5.1. We have
cφ4(2n) ≡ 0 (mod 43), (5.1)
cφ4(4n+ 3) ≡ 0 (mod 44), (5.2)
cφ4(4n) ≡ 0 (mod 44). (5.3)
Proof. From Theorem 4.1, we have
∞−
n=0
cφ4(n)q
n = 16qψ
2(q2)ψ(q4)
(q; q)4∞
= 16q ψ
2(q2)ψ(q4)
(q2; q2)4∞(q; q2)4∞
. (5.4)
Replacing q by−q in (5.4) and then adding the resulting identity with (5.4), we deduce that
∞−
n=0
cφ4(n)q
n +
∞−
n=0
cφ4(n)(−1)nqn = 16q
ψ2(q2)ψ(q4)
(q2; q2)4∞

1
(q; q2)4∞
− 1
(−q; q2)4∞

= 16q ψ
2(q2)ψ(q4)
(q2; q2)4∞(q2; q4)4∞

(−q; q2)4∞ − (q; q2)4∞

. (5.5)
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Employing (3.11) in (5.5), we obtain
∞−
n=0
cφ4(n)q
n +
∞−
n=0
cφ4(n)(−1)nqn = 128q2
ψ2(q2)ψ3(q4)
(q2; q2)6∞(q2; q4)4∞
. (5.6)
Extracting those terms on both sides of (5.6) that involve q2n only, and then replacing q2 by q, we find that
∞−
n=0
cφ4(2n)q
n = 64q ψ
2(q)ψ3(q2)
(q; q)6∞(q; q2)4∞
. (5.7)
Now congruence (5.1) readily follows from (5.7).
Next, with the help of (3.7), we can rewrite (5.7) as
∞−
n=0
cφ4(2n)q
n = 64q (q
2; q2)∞(q4; q4)6∞
(q; q)8∞(q; q2)4∞
= 64q (q
4; q4)6∞
(q2; q2)7∞(q; q2)12∞
. (5.8)
Replacing q by−q in (5.8) and then adding the resulting identity with (5.8), we find that
∞−
n=0
cφ4(2n)q
n +
∞−
n=0
cφ4(2n)(−1)nqn = 64q
(q4; q4)6∞
(q2; q2)7∞

1
(q; q2)12∞
− 1
(−q; q2)12∞

= 64q (q
4; q4)6∞
(q2; q2)7∞(q2; q4)12∞

(−q; q2)12∞ − (q; q2)12∞

= 64q (q
4; q4)6∞
(q2; q2)7∞(q2; q4)12∞

(−q; q2)4∞ − (q; q2)4∞
 
(−q; q2)8∞ + (q2; q4)4∞ + (q; q2)8∞

= 64q (q
4; q4)6∞
(q2; q2)7∞(q2; q4)12∞

(−q; q2)4∞ − (q; q2)4∞
 {(−q; q2)4∞ − (q; q2)4∞}2 + 3(q2; q4)4∞ . (5.9)
Employing (3.11) and (3.7) in (5.9), we deduce that
∞−
n=0
cφ4(2n)q
n +
∞−
n=0
cφ4(2n)(−1)nqn = 512q2
(q4; q4)4∞(q8; q8)4∞
(q2; q2)9∞(q2; q4)12∞

64q2
(q8; q8)8∞
(q2; q2)4∞(q4; q4)4∞
+ 3(q2; q4)4∞

. (5.10)
Equating the terms involving q2n on both sides of (5.10), and then replacing q2 by q, we find that
∞−
n=0
cφ4(4n)q
n = 256q (q
2; q2)4∞(q4; q4)4∞
(q; q)9∞(q; q2)12∞

64q
(q4; q4)8∞
(q; q)4∞(q2; q2)4∞
+ 3(q; q2)4∞

,
from which we easily arrive at (5.3).
Finally, replacing q by−q in (5.4) and then subtracting the resulting identity from (5.4), we obtain
∞−
n=0
cφ4(n)q
n −
∞−
n=0
cφ4(n)(−1)nqn = 16q
ψ2(q2)ψ(q4)
(q2; q2)4∞

1
(q; q2)4∞
+ 1
(−q; q2)4∞

= 16q ψ
2(q2)ψ(q4)
(q2; q2)4∞(q2; q4)4∞

(q; q2)4∞ + (−q; q2)4∞

. (5.11)
Using (3.12), (3.6) and (3.7), we deduce that
∞−
n=0
cφ4(n)q
n −
∞−
n=0
cφ4(n)(−1)nqn = 32q
(q4; q4)∞
(q8; q8)2∞(q2; q4)16∞
. (5.12)
Extracting from both sides of (5.12) those terms involving only q2n+1, and then dividing both sides by q and replacing q2 by
q, we have
∞−
n=0
cφ4(2n+ 1)qn = 16
(q2; q2)∞
(q4; q4)2∞(q; q2)16∞
. (5.13)
1902 N.D. Baruah, B.K. Sarmah / Discrete Mathematics 311 (2011) 1892–1902
Replacing q by−q in (5.13) and then subtracting the resulting identity from (5.13), we obtain
∞−
n=0
cφ4(2n+ 1)qn −
∞−
n=0
cφ4(2n+ 1)(−1)nqn = 16
(q2; q2)∞
(q4; q4)2∞

1
(q; q2)16∞
− 1
(−q; q2)16∞

= 16 (q
2; q2)∞
(q4; q4)2∞(q2; q4)16∞

(−q; q2)16∞ − (q; q2)16∞

= 16 (q
4; q4)14∞
(q2; q2)15∞

(−q; q2)8∞ − (q; q2)8∞
 
(−q; q2)4∞ + (q; q2)4∞
2 − 2(q2; q4)4∞ . (5.14)
Employing (3.12) and (3.13) in (5.14), we find that
∞−
n=0
cφ4(2n+ 1)qn −
∞−
n=0
cφ4(2n+ 1)(−1)nqn = 256q
(q4; q4)22∞
(q2; q2)27∞

4ϕ4(q2)− 2(q2; q2)4∞(q2; q4)4∞

. (5.15)
Equating the coefficients of q2n+1 on both sides of (5.15), we readily arrive at (5.2) to complete the proof. 
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